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Abstract

A novel localized stability analysis is established in a unified treatment for the study of
real oceanic and atmospheric processes, which are in general highly nonlinear, and inter-
mittent in space and time. We first re-state the classical definition using the Multi-Scale
Energy and Vorticity Analysis (MS-EVA) developed in Liang and Robinson (2004a), and
then manipulate certain global operators to achieve the temporal and spatial localization.
The key of spatial localization is transfer-transport separation, which is made precise with
the concept of perfect transfer, while relaxation of marginalization leads to the localiza-
tion of time. In doing so the information of transfer lost in the averages is retrieved and
an easy-to-use instability metric is obtained. The resulting metric is field-like (Eulerian),
conceptually generalizing the classical formalism, a bulk notion over the whole system. In
this framework, an instability has a structure, which is of particular use for open flow pro-
cesses. We check the structure of baroclinic instability with the benchmark Eady model
solution, and the Iceland-Faeroe Frontal (IFF) intrusion, a highly localized and nonlinear
process occurring frequently in the region between Iceland and Faeroe Islands. A clear
isolated baroclinic instability is identified around the intrusion, which is further found to
be characterized by the transition from a convective instability to an absolute instability.
We also check the consistency of MS-EVA dynamics with the barotropic Kuo model. A
remarkable observation is that a local perturbation burst does not necessarily imply an
instability: the perturbation energy could be transported from another process occurring
elsewhere. We find that our analysis yields a Kuo theorem-consistent mean-eddy interac-
tion, which is not seen in a conventional Reynolds stress framework. Using the techniques
of marginalization and localization, this work sets up an example for the generalization of

certain geophysical fluid dynamics theories for more generic purposes.

Keywords: Multi-Scale Energy and Vorticity Analysis (MS-EVA); Localized baroclinic/barotropic

instability; Multiscale window transform; Localization; Convective/Absolute instability



1 Introduction

We apply the Multi-Scale Energy and Vorticity Analysis (MS-EVA) developed in the first part
of this paper (Liang and Robinson, 2004a; LR1 hereafter) to formulate a localized instability
analysis for processes of finite amplitude and with spatial and temporal intermittence. This
formalism is then validated with three benchmark problems. In the sequel to this paper, Liang

and Robinson (2004b; LR2 hereafter), it will be applied to the study of a real ocean problem.

Stability is an important concept for dynamical systems and has wide applications in geo-
physical fluid flows (e.g., Holton, 1992; Cushman-Rosin, 1994; Pedlosky, 1979). Like any
infinite dimensional dynamical process, GFD instabilities in nature are generally localized in
space and time, in the sense that instabilities tend to occur episodically and within limited
regions which may have irregular geometries and could be advected around. In the classi-
cal framework, however, stability is a notion over the whole system to which every location
belongs. It is difficult to believe that such a bulk treatment can have the highly localized
processes faithfully represented. This problem is not new. People have developed many ap-
proximate approaches for certain problems, which generally can be put into two categories:
(1) Lagrangian; (2) Eulerian but linear. The former includes the well-known Lyapunov ex-
ponent technique (e.g. Wiggins, 2003), and the parcel stability analysis in the context of
GFD research which has been utilized to investigate symmetric instability (see Holton, 1992,
and references therein); the latter is often with the WKB expansion, and can be found, for
example, in the study of absolutely and convectively unstable flows (e.g., Pierrehumbert and
Swanson, 1995). Considering that a majority of GFD datasets are acquired in Eulerian form,
and that instability processes are more often than not of finite amplitude, it is desirable to have
a more generic formalism to integrate together localization and nonlinearity in an Eulerian

framework.

We use the MS-EVA introduced in LR1 to establish the formalism. MS-EVA is based on
a mathematical machinery called multiscale window transform (MWT) which is introduced
in LR1, Section 2, and in more detail in Liang (2002). Like the WKB expansion used in the

previous convective/absolute instability analysis, MWT is localized in nature; unlike WKB,



the MS-EVA does not involve small perturbation approximation. The MWT-based MS-EVA
is therefore expected to serve our purpose well. Indeed, MS-EVA is closely tied to stability in
that stability/instability belongs to a kind of energy transfer process between scale windows.
A scale window, or simply a window, is a subspace involving a range of scales (refer to LR1
for a rigorous definition). In the classical sense, stability analysis deals with the behavior of
perturbations to some equilibrium state of a system. This equilibrium state could be a time-
invariant solution, a limit cycle, etc. Either way it can be put into a more abstract class — a
large-scale (time) window with a proper window bound. Along this route stability/instability
is naturally generalized as the interaction between scale windows. We start from this point
to conceptualize our problem, and form the criteria for the identification of barotropic and

baroclinic instabilities on a generic basis.

Our strategy is to connect certain MS-EVA terms to the classical definition, and generalize
as above the classical concept to establish our own formalism. We start off with a linear
definition equation, then move forward through two steps. The first step is nonlinearization.
We re-state, in the linear limit, the classical definition in MS-EVA language, and within that
limit go to the nonlinear version. The resulting definition equation is now nonlinear but still
global. At this time we move to the second step: localization. We will show, in terms of
MWT and MS-EVA, what makes the definition global is reduced to two operators, a time
marginalization (cf. LR1) and a spatial averaging. Localization is achieved through relaxing
or freeing the equation from the constraints of these operators. Based on the relaxed equation

a nonlinear localized instability analysis is then possible.

This paper is organized as follows. Sections 2 and 3 are devoted to realize the above strat-
egy. Instability criteria are then established and compared to the existing Eulerian formalisms
(Section 4). In Sections 5.1 and 5.2, we validate the criteria with an Eady model (pure baro-
clinic instability) and a highly localized nonlinear Eady-like instability problem. Dynamical
consistency is checked with the known results, and capabilities are shown in treating non-
linearity as well as temporal and spatial intermittence. We also validate the criteria with a
Kuo model with a distinct basic configuration (Section 5.3). We want to demonstrate through

the distinct dynamics that our localized instability analysis reduces to but extends the con-



cept of Reynolds stress and yields a mean-eddy structure interaction consistent with Kuo’s
barotropic instability theorem. This section is followed by a brief description of the energetic
scenario of baroclinic and barotropic instabilities (Section 6). The whole study is summarized

in Section 7.

2 MS-EVA re-statement of the classical instability formalism

In this section, we re-state the classical instability problem using the MS-EVA language. This
re-statement makes it possible for a direct generalization of the classical formalism, which we

will show in Sections 3 and 4.

2.1 Classical linearized formalism

In the classical formalism, the two important concepts, baroclinic instability and barotropic
instability, can be defined in the context of the linearized growth equation of perturbation
energy Eeddy (the total of perturbation kinetic energy and available potential energy) for a
frictionless and nondiffusive zonal jet stream over a basin  (Pedlosky, 1979; Holton, 1992;

Cushman-Rosin, 1994):!

Q
a<Eeddy>Q 9 o /—a'(j < ! ,_811 7 ,_8U>Q o N
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where ()Q is an averaging over {2 confined between two latitudes. The overbar stands for an
ensemble mean which is practically replaced by a time average, and the prime for the departure
from it. Other symbols are conventional (refer to the textbooks cited above). In this formalism,
the two types of instabilities are distinguished by the contributions of (BC*)® and (BT*)".
For convenience, we will loosely refer to them as baroclinic transfer and barotropic transfer,

respectively.

'In this equation, there is a term u’w’%

in BT™ which is not seen in typical textbooks because we do not
make the quasi-geostrophic (QG) assumption here. In a primitive equation model, this term could be significant

in comparison to u’v’g—z (see Liang, 2002).



2.2  FEddy window and energetics on the eddy window

Physically, the right hand side of (1) is the eddy energy extracted against basic profiles. The
two terms should represent some kind of energy transfers with certain window decomposition
in the MS-EVA framework. To see more clearly this connection, we take a direct sum of two
subspaces (in the context of time), the meso-scale and sub-mesoscale windows as introduced

in LR1, to make an eddy window, and examine the energetics for this window.

Consider an ideal fluid flow. From LR1, the growths of kinetic energy (K!) and available

n

potential energy (Al) on the eddy window (denoted by superscript 1) at time step n are

governed by

K, = AQg1 + AQpy + Ty — b (2)

Ay = AQa +Ta +by, (3)
where the divergent form @)-terms represent transport processes, and the T-terms

Txy = Tkin+Tki,
— ~1
= ' 'V-(vv), +V-[(zz) -iﬁl}

v I v () + 2 (o )] 5)

o~

In the equations, the symbol (-)  indicates an eddy window transform at time step n. Other

n

notations are defined in LR1, and Table 1.

The T-terms in (2) and (3) represent energy transfers toward the eddy window. They are
expected to be related to the (BC*)? and (BT*) in Eq. (1). This is indeed true, as we

hereafter prove.



2.3  Barotropic transfer

As shown in LR1, Sec. 8, the connection between the classical energetics analysis and the
MS-EVA is established through marginalization, which is a special summation over the time
sampling space (see LR1, Section 2.3, and Liang, 2002, Chapter 2, in more detail). Similarly,
we need to perform marginalization here. We need particularly to focus on the case with a
large-scale window bound j; = 0 and a periodic extension, where the large-scale and eddy

window syntheses reduce to duration average and the departure from it. That is to say,

'=q q¢'=d.
MG = 7d 6
nDn Gn q, (6)

where M,, stands for the marginalization over all time steps. To see how (BT*)" is related

to (2), marginalize T :

MyTyy = My (Tiyp+ Txy. )
= Moty vy st e, - s
Z n
= —v-V-(vv)—v- g(w)/ + [other]. (7)
—(w)

The term [other'] is in a divergence form. It integrates to zero given the boundary conditions.

So

[ Mo av = ///l )+@] v
= [ v [[[ s av 0

with the background field v = (u(y, z),0,0). In the derivation the continuity equation has
been used and the triple perturbation terms have been dropped by linearization. This is to
say, (BT*)" is equal to the marginalized total kinetic energy transfer (linearized) from the

basic flow to the eddy window, i.e.,

Q Q
<MHTK71”h + M”TK}“z> = <—’U/’U’8_u — ’u,”u)/_> = <BT*>Q (9)



2.4 Baroclinic transfer

Q
We proceed to show that <TA}L> = (BC*)Q. In Eq. (3), since the transport integrates to zero

over the closed basin €2, we need only consider the sum of

— ~1 aAN1

*Cpn V ( ) 76:071 9z (’(U,O)n

over all the possible n’s, where ¢ = and p is the density anomaly but with the stationary

g
2N27

vertical shear retained. By the marginalization equality, this is
SE— 0
MuTaz = —cp'V - (py)' — cp' o (wp)'".
Integrating, the first part becomes, with terms of higher order dropped (linearization),

[}, e ac- [

The second part involves the z-derivative of p, which should be set to zero as we do not exclude

'” W dv.

the stationary vertical shear to follow the way how (1) is derived. It is thereby

[ mer gitwnr av = [[[eogwrm av = [[ oG

These two integrals sum to — [[[, c8 p'v' dV, which is none other than the BC* integrated

over {1, i.e.,

Q
MH<TA,17_,3hp+TA}L,82p+,‘ZSA}I> = (BC*>Q (].0)

2.5 Re-statement of the classical formulation

Now return to Eq. (1). The right hand side has been expressed in MS-EVA terminology. On

1 2

the left hand side, E,qqy is a sum of Keqqy = 5V - v/ and Aeqqy = %cp’

AR 'S . 1t is equal to the

marginalization of K} + A} = E} a direct result of the marginalization property of multiscale

window transform. With these, Eq. (1) now can be written as

M(5,8)" = M (Tyy + Ty )
= Mu(Tas oy + Tasng + TS a1 )+ Ma(Ticrp + Ty L) (11)



Here the time derivative has been modified as we did in deriving the multiscale energetic
equations in LR1. Eq. (11) is open to the possibility of localization, which we will show

henceforth.

3 Toward the localized formalism

The strategy to formulate the localized instability analysis is to relax the constraints exerted
by the “global” operators, i.e., the marginalization and the domain averaging, applied on

Eq. (11). We will soon see, this is in general not trivial.

3.1  Relaxation of the spatial averaging

Relaxation of the angle averaging in Eq. (11) gives,
MuE) = Mu(Tar +Ti1) + MypV - G, (12)

where E} = Sn(A}l + K}), and V - G,, is an arbitrary term in some divergence form. This
is to say, the relaxation is unique up to a transport process. The key of spatial localization
is therefore to have the transfer and transport separated. In LR1, we have shown that the
separation can be achieved precisely through introducing the concept perfect transfer. By
definition a perfect transfer 7;” is a process such that M,, >° _T® = 0. It is a redistribution
of energy among scale windows which does not generate nor destroy energy as a whole. In

arriving at (12), we need to assure that (Ty1 + Tx1) is perfect.

It should be pointed out that Eq. (11), and hence Eq. (1), are conditioned on the closed
boundary configuration. Relaxation of the spatial averaging basically relieves this constraint

and hence allows for a more flexible formulation.

3.2  Relaxation of the time marginalization

In order to drop the marginalization, we need to prove an equality which relates linearized

transfers to interaction analysis.



For field variables R, p and ¢, consider a basic transfer function
S — ~TT
Here R represents the multiscale window transform (MWT) of R on window @ and location
n. Considering only the eddy window, @ = 1, the interaction analysis of T'(1,n) is, according

to LR1 (Sec. 9),

—  ~1
1

T(ln) =T + 1,7 =T, + Ry (0™, - (13)

where 0 — 1 and 1 — 1 stand for the directions of energy transfer (“mean to eddy” and “eddy

1

to eddy”, respectively), and ¢~ is the eddy window synthesis of q. Recall when j; = 0 and a

periodic extension is adopted, ¢~ = g and ¢~ = ¢/, and M, 5 > = p'q’. Applying M,, to
both sides of (13), we get
M”T(L TL) — MHTE—H + R (plq/)l

= MJTI R (0~ 97)

= MnTgﬁl + W

~ M, 1! by linearization,
or
M,T 7 =0, (14)
where ”=" is understood to be an equivalence relation up to linearization.

The equality (14) allows for a relaxation of the marginalization on both sides of Eq. (12):
E) = Ty +Tg1 + V-G, + R (15)

That is to say the relaxation is unique up to an arbitrary eddy window-eddy window transfer
process R, (cf. LR1, Sec. 9). A physically consistent choice is that R, = — (T} "' +T}""),

which yields
B, = T+ TRy +V -G, (16)

n

This is the classical instability definition with the global operator constraints relaxed.



4 Nonlinear localized instability analysis

4.1 Criterion for instability identification

We proceed to build our localized instability analysis. This is a direct generalization of (1) from
(16). Relaxed from marginalization and domain averaging, Eq. (16) is localized, both in space
and in time. It verifies (1) under the assumptions of linearity and time decomposition with
the gravest scale level index (jo = 0) and a periodic extension. The equation itself, however,
does not have these limitations embedded. We define the localized instability analysis on the
basis of this equation, and it therefore can be used for problems with finite perturbation and
arbitrary window partitioning, i.e., the basic field is not necessarily an equilibrium, but could

be any time-varying process.

A conspicuous difference between (16) and (1), except the time and space localization, is
the relaxation “constant”- the additional transport. Because of this term, the time rate of
change of eddy energy alone is no longer the instability indicator, as 8t<Eeddy)Q isin (1). This
is to say, the disturbance could grow at a location even no instability occurs. The necessary
energy to fuel the growth could be transported from other places in the physical space. This
is an aspect which is distinctly different from the classical formalism, and is also lacked in the

previous approximate localized stability analysis in Eulerian framework.

In this spirit we formulate our analysis. Let

o 0—1 _ 0—1 0—1
BT = Tgo' =Tg' +Tris

_ 0—1 _ 0—>1 0—1 0—1
BC = TA}I = Laro T TA}“@zp + TS‘A}I ’

with BT and BC (location index n suppressed for clarity) corresponding respectively to their
starred counterparts in (1). Here BT and BC are localized both in space and in time. We
claim that they are just the two metrics for the localized barotropic instability and baro-
clinic instability. Considering that the concept of stability concerns a subsystem within its
correlation scale, we apply a local spatial averaging on these two metrics. We will still use

the notation () to write them as (BT)" and (BC)?, but here (-)* carries with a different

10



meaning — it is an averaging over some appropriately chosen local region 2. In this way an

instability analysis in a localized sense is now possible. From Eq. (16),

1) A subsystem is unstable if (BT + BC 5 0 and vice versa:
( y ;

(2) For an unstable system, if (BT)® > 0 and (BC)®? < 0, the instability the subsystem

undergoes is called barotropic;

(3) For an unstable subsystem, if (BC)Q is positive but (BT)Q is not, then the instability

is called baroclinic;

(4) If both (BT)? and (BC)" are positive, the subsystem must be undergoing a mixed

instability.

It should be pointed out that the averaging ()Q over an appropriate domain 2 is generally
difficult to realize. In a highly idealized model (as the ones we will consider next), this might be
not a difficult business; in real problems, however, an unambiguous choice of €2 is usually not
feasible. We fix this problem with a localized averaging, which does not rely upon the choice
of Q — in fact, no € is necessary at all. This is achieved by a large-scale window synthesis in
the spatial direction with a proper window bound. Recall in eliminating the phase oscillation

(Sec. 3.5 of LR1), we have used the same technique.

4.2  Comparison with the previous formalisms

Our formulation begins with the classical definition, but the generalized localized stability
analysis envisions stability problems differently as the classical formalism [cf. (1)] does. Instead
of taking the whole system just as one object, it quantifies the energy transfer with a field-
like function over a discretized form of that field. In other words, what characterizes the
instability is a temporal-spatial structure, rather than a norm a single positive value as in
the classical formalism. One can tell from the structure whether there is and where there is an
instability without referencing the boundaries of the problem, and is hence of particular use

for open flow problems. The widely studied convective instability and absolute instability (see

11



Pierrehumbert and Swanson and references therein), for example, are naturally represented in
this framework. They can be distinguished simply by checking the mobility of the hotspots
with the calculated BC + BT maps. (Refer to the highly localized Eady-like instability
problem in Section 5.2.) Apparently, our formalism is a generalization of the classical concept
of stability with much flexibility, and is hence capable of coping with more realistic GFD

problems.

Our formulation also differs from the previous localized Eulerian formalism, which relies on
the approximation of small perturbation and, in most cases, a slowly and regularly varying
(e.g., sinusoidal) background field. Our analysis is based on numerical results or experimental
data, which can be made free of any approximation. The basic field could be of arbitrary
shape, and the perturbation could be of finite amplitude. The capability of dealing with

highly localized and finite amplitude events will be evidenced in the next section.

Besides the above, a fundamental point which is distinctly different from all the previous
formalisms lies at the transport-transfer separation performed in the formulation. The differ-
ence may be illustrated through making contacts with Reynolds stress, a concept which has
long been used to interpret the interaction between mean and eddy structures. It has been a
convention to calculate the energy extracted by Reynolds stress against the basic profile, and
take it as the indicator of instability [refer to the second term in Eq. (1)]. In the case of a
basic flow (@, 0), for example, people usually calculate the quantity —(v'u’) - V@ (cf. Tennekes
and Lumley, 1972; Pedlosky, 1979; Harrison and Robinson, 1979). In our formalism, when the
special decomposition (jo = 0, periodic extension) is chosen, the BT-related transfer for this

system is reduced to,

5 [3V - 7w - () - vl ()

following the derivation of LR1, Sec. 8. Note the second term in the bracket is just the
Reynolds stress contribution, but as shown in LR1, this term alone does not conserve energy
over scale windows (i.e., the transfer expressed this way is not perfect in our language). Term
aV - (v'u'), together with the factor %, should be included to ensure this conservation. The

addition of this term makes the transfer mechanism quite different from that of —(v'u’) - Vu

12



alone. Later on in Section 5.3.2 (cf. Figs. 8 and 9), it will be clear that Eq. (17) faithfully

represents the mean-eddy structure interaction.

A direct consequence of the transport-transfer separation is that growth of perturbation
energy does not necessarily mean instability. This is remarkable as it has been conventional
to read instability by looking at the perturbation bursts from simulations. Think about a
disturbance at some location: It may grow even without invoking any instability, as the energy
needed to fuel its growth could be transported from surrounding regions. This is a fundamental
property of infinite dimensional systems which is lacked in finite dynamical systems. We will
see later in the validations that this is generic in GFD flows, and our formalism has it naturally

represented.

5 Validations

In this section, the benchmark Eady model and a highly localized nonlinear Eady-like problem
are exploited to verify our analysis’ capability of handling baroclinicity, nonlinearity, and
temporal and spatial intermittence. A barotropic model with a distinct configuration is also
used to check the dynamical consistency with Kuo’s theorems on barotropic instability (Kuo,
1973). We want to demonstrate through this model that our analysis is able to yield a faithful

mean-eddy structure interaction which is not seen with previous formalisms.

5.1 Consistency with the Fady model

The Eady model is among one of the most extensively studied examples of linear stability.
Introduced by Eady (1949) in an elegantly simple form, it has since become a benchmark for
baroclinic instability studies. In the following, we use an unstable mode to verify that (BC)"
is positive, and (BT) = 0; and a stable mode to verify that both (BC)" and (BT)" are

vanish.

Appendix A gives a summary of the Eady solution. Based on it, a stable mode and an

unstable mode are selected to generate two datasets for our purpose. The numbers and other

13



details are referred to the appendix. We here only need a qualitative description.

For the unstable mode, both BC and BT vary in z and oscillate in . Their horizontal
oscillations, however, are fundamentally different. A plot of these transfer rates as functions
of z for the mid-depth (450 m) is shown in Fig. 1. From it we see that BC actually does not
oscillate around the zero. It favors positive values, in contrast to BT, which has negative and
positive values well balanced. If averaged over a wavelength, there is a net gain in BC', while
BT vanishes. This trend holds for all the levels throughout the water column. If we use (-)*Y
to indicate horizontal averaging (over integer wavelengths), then (BC + BT)* > 0. By the

criteria established in Section 4, the system is dynamically unstable. Moreover, (BC)™ > 0

and (BT)"™ = 0, implying that the instability is purely baroclinic, exactly as we expect.

We extend the validation to the stable and neutrally stable datasets. The energetic patterns
(figures not shown) are fairly symmetric, and the unstable scenario described before is not

seen. Both BT and BC average to nil in these cases.

A fundamental aspect of our localized stability analysis which is distinctly different from
its classical counterpart is that our stability /instability is not measured by a single norm over
the domain and duration under concern; it generally has a field or spatio-temporal structure.
For the unstable Eady mode, (BC)* is distributed uniformly in z (Fig. 2a), although in this
case the horizontal flow increases with height (cf. App. A). This makes sense, as one might
have intuitively expected, considering the symmetric model configuration in z. The uniform
BC(C is contrasted by the time rate of change of total eddy energy, E}l, which maximizes at the
two boundaries (Fig. 2b). As it has been conventional to connect the growth of perturbation
energy to instability, the discrepancy between BC and ErlL is remarkable The eddy energy
growth might not be an appropriate indicator of instability. In Section 5.3 we will see a more
dramatic example where energy transfer and time change of eddy energy could be qualitatively

different.

14



5.2  Validation and exemplification with a localized nonlinear FEady-like instability prob-

lem

The strength of our analysis lies in the study of highly localized and nonlinear processes. As
we will show below, the meandering intrusion of the Iceland-Faeroe Front (IFF) is an ideal

problem to demonstrate this strength.

The IFF is an oceanic front across the strait between Iceland and Faeroe Islands (Fig. 3).
It forms a boundary separating the North Atlantic waters from the Arctic waters. In the
August of 1993, an unprecedented dataset was obtained which captures the processes toward
the formation of a highly localized meandering intrusion, as shown in Fig. 3 in the inserted
satellite picture of sea surface temperature (SST) (Robinson et al., 1996). In this section, we
briefly present part of the results relevant to this validation. For the whole story, the reader

is referred to LR2.

The meandering intrusion is found to be associated with a localized nonlinear Eady-like
baroclinic instability. Firstly, the intrusion is highly localized in space and time. On the SST
image of August 22, 1993, it appears within a limited region in the middle of the model domain
(Fig. 3). In the time direction, the intrusion occurred on an interval of approximately 2.6 days
(see LR2; also cf. Fig. 4), with its geometry varying and the meandering center moving (figures
not shown). Secondly, the intrusion is nonlinear. It amplitude of variation is bounded in space
and time, which is obvious both on the satellite image (Fig. 3) and in the time series (Fig. 4).
Besides, the intrusion is evidenced with a baroclinic instability (e.g., Miller et al., 1995). The
perturbation vertical velocity and density anomaly have been computed and shown to be
aligned in a counter-tilting pattern on their respective sectional distributions (LR2, Fig. 12),

reminding us of the unstable Eady model solution.

The baroclinicity, nonlinearity, and localization makes the IFF an ideal testbed for our
analysis. For this problem, it is expected to generate a locally positive BC and a negligible
BT. This is indeed the case, as demonstrated in LR2. As an example, we compute the

sequence of 300-m BC.? The input time series, which are truncated at day 21.3, are uniformly

2The depth and time steps are chosen the same as that in Fig. 9 of LR2. The result is similar to but a little

15



sampled at 28 = 256 time steps (compared to 1024 steps in LR2). The resulting BC sequence
is contoured in Fig. 5. Obviously, there is a clear solitary positive regime around the center
during the intrusion event, while in other subregions it is virtually zero; in comparison BT
is one order smaller (figure not shown). According to the identification criteria, a baroclinic

instability is taking place here.

If one observes more closely, the baroclinic instability has a distinct spatial-temporal struc-
ture. The hotspot does not stand still. It originally resides near the western boundary, then
moves into the interior, where it halts and amplifies, and diminishes to zero by day 9 (August
23), just after the front intrudes. That is to say, the instability originally appears in the west.
Disturbances are introduced eastward into the domain along the front, in a form of spatial
growing mode. This is a convective instability. After day 5 (August 19), the disturbances be-
come strong enough to counteract the propagation. Correspondingly the process is switched

into a time growing mode, i.e., an absolute instability, leading to the meandering intrusion.

The above BC evolution pattern and its clear physics connection demonstrate that, when
scale window bounds can be identified, things are made easy and straightforward with our
localized instability theory in dealing with certain class of dynamics inference problems. The
convective/absolute instability, for example, would be otherwise difficult to study in the con-
text of finite amplitude. Even regardless of nonlinearity, one may notice that it is not easy for
the previous linear localized Eulerian instability theory to apply here because of the irregular
background field. For example, the large-scale temperature series in Fig. 4a (dashed line) is
not a straight line, nor a sinusoidal curve. Our framework admits arbitrary background shape,

and hence works for generic purposes.

5.3 Validation with a barotropic stability model

We still have one more criterion to validate: a system with a positive averaged BT and a zero

(or negative) BC is barotropically unstable. In this section, we use Kuo’s model (Kuo, 1949,

different from the latter, as we are using the updated codes of MS-EVA which has been optimized since the

publication of LR2.
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1973) to carry out this validation.

5.3.1 The model

Consider a barotropic (BC' is hence zero) cosine zonal jet

a(y) = s cos? (32 (18)

channeled between y = +L (see Fig. 6a). It has an ambient potential vorticity gradient
(Fig. 6b)

2
_ _ T Y
Gy = Ty = =g thmax €08 7, (19)

L
2

which vanishes at y = +5, meeting the necessary condition for barotropic instability by

Rayleigh’s theorem.

The model result is summarized in Appendix B. We choose two particular modes to build
the datasets for our validation. For the stable mode, the solution shows on the z-y domain
a pattern symmetric about x = 0 and y = 0, while for the unstable mode, this symmetry
breaks. An snapshot of the unstable perturbation velocity ' and v’ is shown in Fig. 7, where
a conspicuous feature is the kinky variation of v’ with y (Fig. 7a). We will see soon that these

kinks make the Kuo model a good testbed for our localized stability analysis.

5.3.2 Validation

According to Section 4, the barotropic instability indicator BT should average to a positive
number for the unstable mode, and zero for the stable mode. This is true with the datasets

generated above. The classical result is thereby recovered.

As BC in the Eady model case, here BT also displays some spatial variation which is not
seen in a classical framework. We are particularly interested in its variation in y because of
the meridionally structured basic configuration. Fig. 8a shows the z-averaged BT as function

of y, where we see a bell shape of positive quantity in the middle. A conspicuous feature is
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that there are two sharp peaks with negative values at y = +0.53L. That is to say, the flow

is locally stable around those two points, even though as a whole the system is unstable!

The striking inverse transfer corresponds precisely in location to the kinky distribution of
u' in Fig. 7. To see why there should be such a phenomenon, recall that for a barotropic
instability to exist, it requires not only that a basic potential vorticity gradient g, change sign
through y € [—L. L], but also that (¢ — ¢,) (¢, the mode phase speed) and g, be positively
correlated over the same domain (Kuo’s theorem). (See Kuo, 1973, pp. 277-279.) Although
this positive correlation requirement is stated in an integral form, locally (in y) it may apply
wherever the system is more or less meridionally isolated. This is to say, the sign of the
product (2 — ¢,) X g, may be pivotal to the instability, and hence the zero points of @ — ¢, and

qy are critical to the dynamics. In this chosen mode, ¢, = 0.4504y,y, thus

w(y) —¢, =0 = y==+0.53L (20)

Gy = Uy =0 = y==0.50L. (21)

These critical y’s divide the flow into five regimes, as sketched in Fig. 6¢. In the middle regime
(hatched), both g, and % — ¢, are positive, so their product is also positive. The regimes at
the two ends, with both g, and @ — ¢, being negative, also have a positive product g,(u — ¢, ).
These polar regimes and the interior regime are separated near y = +0.5L by two narrow
strips (with a width of only 0.03L) where g,(uz — ¢,) < 0, and just because of the opposite
sign of g,(u — ¢,), the dynamics in the strips could be completely different from the interior
regime. In this sense, our localized stability theory yields an instability structure consistent

with the known dynamics.

The stable transfer embedded in the unstable field is important, as it provides the only feed-
back admissible in this model. If computed with a higher resolution, these inverse transfer
peaks do not appear impulse-like. They actually have some y structures. As shown in Fig. 8b,
the peaks do not really span only the critical bands (0.5L to 0.53L and —0.53L to 0.5L).
Rather, there is a tail extending beyond the +0.53L limits. This is in agreement with the
above conjecture, as what Kuo’s theorem states is in the form of an integral with respect to

y from —L to L, rather than a local one.
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It has long been a convention to use the concept of Reynolds stress to interpret the mean-
eddy interactions in a flow. We calculate the energy extracted by Reynolds stress against
the basic profile, <7W?)—Z>$, and plot it in Fig. 9. Observe that it does not correlate well,
as (BT)" in Fig. 8 does, to the distinct sharp configuration (Fig. 6c) demarcated by the
background vorticity gradient and phase speed. Particularly, it vanishes in the middle, while
predicting maximal positive transfer, or most unstable flow, at :I:% (£50 km in the plot),
where Kuo’s second necessary condition for instability is not met. This is in contrast to the
pattern of (BT)" in Fig. 8, which agrees well with Kuo’s theorem. We are pleased to see that

our analysis yields a dynamically consistent mean-eddy interaction which is not observed in

the Reynolds stress framework.

It is also a convention to relate instability to perturbation burst. In general, however,
perturbation growth does not seem to be an appropriate indicator. Plotted in Fig. 10 is the
z-averaged time rate of change of eddy kinetic energy. Apparently, K}L does not correlate
to BT well. Eddy energy grows everywhere through the latitudes, lacking a critical negative
band as in the BT plot. This validation shows, inference of instability by simply looking at

the perturbation from a simulation should be used with caution.

6 The aftermath of instabilities

The process after a system loses its instability is of interest in many problems. This section
presents the energetic scenarios of a baroclinic instability and a barotropic instability with the

unstable Eady and Kuo modes.

6.1 Fady mode

In an unstable Eady mode, both the density perturbation and velocity perturbation inten-
sify toward the two vertical boundaries (e.g., Holton, 1992). The eddy energy distribution in
Figs. 11a and b show this trend. A natural question is how this structure arises. We plot

in Figs. 11c and d two MS-EVA terms: eddy-scale buoyancy conversion (b})" and vertical
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pressure working rate <AZQP%>$:U. The negative <b}1>zy implies a steady conversion of eddy
APE to eddy KE, which is carried away by the vertical pressure work because of the corre-
lation between (b})*” and <AZQPH1 >Iy The energetic scenario is now clear: Originally, there
is no perturbation energy present and both (AL)"™ and (K})" are zero. When a baroclinic
instability occurs, a part of potential energy is released from the large-scale reservoir, direct-
ing toward the eddy window of APE. This release is achieved through the transfer process
represented by (BC)*”, which is uniformly distributed through the water column. Due to
this transfer, the eddy APE is increased accordingly. But the increase is different level by
level, as there exists a sink for <A,1l>$y, the buoyancy conversion, which is minimal at the two
boundaries and maximal in the middle. The buoyancy conversion carries the perturbation
potential energy over the APE-KE bridge to activate the eddy motion. The converted energy
would be piled up at the mid-depths, if not for the vertical pressure work <AZQP&>zy. In
response <AZQ P} >Iy ushers the converted eddy energy immediately upward and downward,
as that in the QG-EVA scenario by Pinardi and Robinson (1986). The result of the process
is simple. It ends up with two dumbbell-shape vertical profiles, for both the eddy available
potential energy and kinetic energy (Figs. 11a,b). The whole process is pictorially presented
in Fig. 12. The resulting vertical structure for either (ALY or (K})™ implies that, when
the instability halts, all the disturbances, either in horizontal velocity or in density, will be
trapped near the two vertical boundaries, a pattern consistent with the known results. This
is the general energetic scenario of Eady instability, which is some sense gives a validation of

the MS-EVA.

6.2 Kuo mode

A remarkable feature of the unstable Kuo model is the negative transfer around the critical
latitudes y = £0.5L. This transfer is balanced by <AyQK%>$, the meridional transport
which is highly correlated to BT through the latitudes except for the opposite sign (figure
not shown). Referring to Fig. 8, this correlation exhibits a clear energetic scenario for the

Kuo model barotropic instability. The cartoon of Fig. 13 summarizes this scenario. The two
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narrow hatched regimes, where (¢ — ¢,)g, < 0, form the two “walls” of a well which limits
the energetic activities. Before the system gets perturbed, K} (and hence (K,\)") is uniformly
zero. When an instability sets up, a part of energy is transferred from the large-scale window
to feed the growth. The transfer takes place only in the well, and the transferred energy due to
this parietal process is transported from the center toward its two wings until it hits the walls
where the poleward transportation is almost halted (a very small part of transport still exists
and that makes the K} increase, as shown in Fig. 10). An inverse transfer then brings the
transported energy back to the large-scale window, effectively barring the perturbation from
going further southward and northward. The final result is an equilibrium with a bell-shape
distribution of eddy energy which is maximized at y = 0 and vanishes at the northern and

southern ends.

It is worthwhile to investigate the role played by the inverse transfer near the critical bands
(the hatched regions in Fig. 13). Theoretically this is not a question answerable as no feedback
is permissible to the background field in a linearized model. But one thing is for certain from
this transfer scenario: While the basic jet loses energy at the core, it gains energy at its wings.
This implies a broadened jet after a barotropic instability, a result in agreement with what

has been predicted with analytical arguments (see the textbooks cited above).

7 Summary and conclusions

We have developed a localized instability analysis to investigate real oceanic and atmospheric
processes which are in nature finite in amplitude and intermittent in space and time. Cri-
teria have been established and validated for the identification of barotropic and baroclinic
instabilities from rather generic and complex GFD flows. In the validation, a frontal me-
andering intrusion has been diagnosed as a highly localized nonlinear Eady-like baroclinic
instability which appears as a spatial growing mode (convective instability) then locked into a
temporal growing mode (absolute instability). We also found that a local perturbation burst
does not necessarily imply a local instability (the perturbation energy could be advected from

other processes occurring elsewhere), and that our concept of perfect transfer gives a faithful
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representation of the physics underlying mean-eddy interactions.

In terms of MS-EVA, characterizing the stability of a system are two Eulerian variables,
BC = (TgZéhP + Tg;ézp) + TA?@)lv and BT = (T]U(E’}l + TIO(Zi), which have a field structure,
and are thence representative of highly localized processes. Given a flow, it is locally unstable
when the local average of BC+ BT is positive, and vice versa. The type of instability is further
distinguished by the signs of BC' and BT: A positive locally averaged BC corresponds to a
baroclinic instability, while a positive locally averaged BT implies a barotropic instability.

Because of the Eulerian structure and hence the flexibility, the localized instability analysis is

particularly of use for open flow problems.

To validate the analysis, we have examined an Eady model, a Kuo model, which admits
only baroclinic instability and barotropic instability, respectively, and a real oceanic front
problem (IFF). For the Eady model, BT averages to zero, while BC' yields a positive residue,
just as expected. In more detail, for all vertical levels, BC' horizontally averages to a positive
quantity. The potential energy is continuously transferred from the large-scale reservoir to
the eddy window, with a uniform distribution in the vertical direction. At the same moment,
a significant part of the transfer is converted into the eddy kinetic energy. This conversion
occurs mainly at mid-depth, where the converted energy is carried away toward the surface and
bottom via vertical pressure work. The final result of the instability is an intensification of both
the density perturbation and the velocity perturbation toward the two vertical boundaries, in

agreement with the known results.

The IFF meandering intrusion is related to the Eady instability, but it is finite in amplitude
(nonlinear) and highly localized in nature. Our analysis yields an almost solitary positive BC
center (BT negligible), which clearly implies a baroclinic instability around the intrusion
region. The flow is characterized by a spatially growing mode (convective instability), which
is then locked into a temporally growing mode (absolute instability). The energy transfer
is from an irregularly evolving background, into an eddy window highly localized within an
interval of 2.6 days. The whole process is analyzed easily with our formalism which would

otherwise be difficult to deal with.
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For Kuo’s cosine jet model, BT averages to a positive quantity, indicating a barotropic
instability process. This instability has a meridionally structure, which is not identifiable in
the classical framework. The most conspicuous feature is that there exist two narrow strips at
the two flanks where the energy transfer is negative. That is to say, the system is locally stable,
even though the eddy energy is growing. The moral of this study is that perturbation growth
does not necessarily correspond to instability, and that underlying the mean-eddy structure
interaction there is a mechanism which has been faithfully represented by our perfect transfer
(in this case, BT'). This striking negative transfer embedded in an unstable field provides a

touchstone for our localized instability theory.

The inverse transfer allows for a circulation of energy within the energetic scenario in a Kuo-
type barotropic instability. The large-scale KE is first transferred toward the eddy window,
within two critical latitudes resembling two “walls” of an “energetic well” around the jet
core. The transferred energy is redistributed by AyQ g1, which directs it poleward, but the
redistribution stops near the walls, barely going further. The energy thus accumulated near
the two critical latitudes has been observed to transfer back toward the large-scale window,

acting as a feedback to the background system.

We close this paper by remarking that the marginalization-localization strategy used in
this study to localize instabilities may have interesting scientific and practical implications.
Certain dynamics inference problems might be tackled in a similar way. Information lost in a
classical framework could be retrieved with the aid of some localized mathematical machinery,
and quantities global in nature made field-like. In doing so, many GFD theories developed on

a global basis could be reconciled to realistic oceanic and atmospheric problems.
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A Generation of the Eady datasets

Originally, Eady (1949) built his model from a frictionless primitive equation set on an f-
plane with Bousinesq and hydrostatic approximations. The model domain extends infinitely
in either horizontal direction, and is bounded at z = 0 and z = —H by two rigid-lids. It has a
basic velocity (u,0,0) and a mean density profile p such that % = A = const, p = Byy+ B, z.
Assume an exponential dependence e!(¥* =91 for the perturbation fields, where the frequency

w = w, + iw; is complex, and write £ = ﬂk%’ o = %, R, = —gﬁfz, R, = (1 + 0?)R;,

a = ‘/_AHk Eady shows that, when R; > 1 and [¢2| < 1, the problem has a nontrivial

solution if and only if

I ES

(a(0) + u(—H))

Wy =

(A1)
w; = fy\/LR_a’ v? = (a — tanh @) (coth @ — @)

Unstable solutions exist only if |a| < agy = 1.1997. Correspondingly the eigenfunctions are:

B(z) = <%> T eV JT) 4 Coa V(L 4 L), (A.2)
i(2) —lfi/i; [—%2—?—71(02?—#62—?)}, (A.3)
3(z) = 1A+/£2 E‘fl—? -I—io*(% _ ‘fl—?)} , (A4)
P(z) = —ﬁ/'{’;-%- {(%é—?—i—ia%)—i—(w—fé—?)}, (A.5)

where the constants C; and Cy are related through

@: 9V /Ry€(0 (1\/_§(O)>
1+ VR;£(0)

Ci
In these equations, all variables are dimensional.

We choose the following configuration to generate the Eady datasets:
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00 = 1025 kg/m? H = 1000 m
g = 20 cm/s T = 10 cm/s

B, = -1x10"2kg/m* f = 1x10*Hz

It is easy to check that the two conditions under which the Eady solution is valid are satisfied.
Without losing generality, let [ = 0. The shortwave cut-off (corresponding to «.,;) associated
with (A.2) - (A.6) is then ke = 2.454 x 1075 m~!. Given a k < k4, an unstable solution is

obtained, and correspondingly a dataset can be generated. We now check its consistency.

For a dataset to be consistent for the MS-EVA application, its time sequences should be:
(1) long enough to span some integer cycle(s), otherwise aliasing effects will come in and
give a spurious basic flow for the decomposition; (2) short enough that the amplitude of
perturbation is within the tolerance of a valid linear solution. These requirements can be
satisfactorily met if we choose an unstable system with perturbation large in frequency while
small in growth rate, i.e., |wy| > |w;|. By (A.1), if we have k distinctly larger than zero, and
at the same time let v — 0, then this condition is satisfied. Such k’s lie near the critical
wavenumber kg, (notice £ o @ when [ = 0). We choose k = 1 x 1075 m~', which gives an

w = 1.50 x 1076 4+ 2.53 x 10~7i rad/s, meeting the above requirements.

With the eigenvalue and eigenvector, we compute the solutions of all the fields and truncate
them at exactly the end of the second cycle to form a series for each data point. The series
length is thence

p
2 x 2~ 838 x 10% s = 97 days.
Wy

Within this interval, disturbances grow at most by exp(8.38 x 10w;) ~ 8.31 times. So, if
initially the perturbation is set smaller than the basic field by ﬁs (¢ the permissible relative
magnitude for a linear disturbance), then the solution will be valid throughout the 97-day
time duration. This can be done by properly manipulating the constant C of W(z) in (A.2).
Let C; =2 x 1077, Tt yields a maximal |u'|/u < 1073, which is much smaller than the Rossby

number Ro = f% ~ 102

Apart from the unstable solution, we also need to examine the energetics for a stable mode

and a neutrally stable mode. We choose for the two modes & = 3 x 107°m~! > k., and
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k = ke = 2.454 x 107° m ™!, which yield w, = 4.04 x 107¢ rad/s and w, = 3.68 x 10~ rad/s,
respectively. Again, the solution series are truncated at the end point of the second cycle
(36 days and 39 days in length, respectively). The three chosen solutions are sampled at
210 — 1024 time instants, and mapped onto an Arakawa B-grid with a mesh of 20 km x 50 km
x 100 m (50 points in z, 20 points in y, and 10 levels in z). The datasets obtained are now

ready for the MS-EVA application.

B Kuo’s barotropic instability model

We consider a primitive equation version of Kuo’s original quasi-geostrophic model (Kuo, 1949;
1973). On an f-plane, equations governing the 2-D perturbations from a zonal barotropic jet
u = u(y) are reduced to

Zi;; + <% — k2> =0, (A7)
where ¢ is the amplitude of perturbation y-velocity, ¢ = w/k the phase speed, and ,, = ji;;‘

the gradient of the background potential vorticity. In a channel bounded to the north and

south respectively by y = L and y = —L, the boundary condition is
0 =0, at y = £L. (A.8)

Egs. (A.7) and (A.8) form the eigenvalue problem of barotropic instability.

Consider a cosine background jet [see Eq. (18)]. The above eigenvalue problem is solved
with the approach by Kuo (1949) (see also, Kuo, 1973; Pedlosky, 1979). We need a neutrally

stable solution and an unstable solution. For the former, there exists an eigenvalue (phase

speed) ¢ = u(y.) = 3Umax Which gives a wavenumber k = @W/L, and an eigen-amplitude for

the meridional velocity © = tpyax €OS %

The choosing of the unstable mode is not arbitrary. For a valid dataset, the eigenvalue

¢ = ¢, + ic; must be such that |¢;| < |¢,| while ¢; is significantly greater than zero. As in the

Eady case, a k near its critical value @% (on the unstable side, of course) will yield such a

solution. We choose k = 0.757. Use the shooting method (e.g., Press et al., 1992) to solve
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(A.7). The convergence is usually very fast, and the resulting eigenvalue thus obtained is ¢ =
¢r +ic; = (0.4504 + 0.04767) timax - Clearly |¢;| is much smaller than |¢,|, allowing an extraction
of several cycles from the solution to form the dataset. In obtaining the eigenfunction, the

magnitude of |9,| has been made small so as to have the solution valid throughout.

To generate the datasets, choose L = 100 km, @max = 1 m/s, f = 104 1/s, which are
typical of western ocean jets, and let = run over [-2L, 2L], and ¢ span exactly two cycles
(approximately 21 days for the neutrally stable mode and 14 days for the unstable mode).
With the k’s chosen, the z extends at least one wavelength for either of the datasets, allowing
an application of the zonal average whenever necessary. The solutions are mapped on an
Arakawa B-grid with 40 x 80 grid points (Az = 10 km, Ay = 0.5 km), and sampled at

210—-1024 time moments. These gridded solution sequences are now ready for MS-EVA.
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Table Captions

Table 1: Symbols for multiscale energetics (location n, window w).

Kinetic energy (KE)

Available potential energy (APE)

Ky
AQkz
Tk=n
TK;{J,Z

AQrz

Time rate of change of KE

KE advective working rate

KE transfer due to horizontal flow
KE transfer due to vertical flow
Rate of buoyancy conversion
Pressure working rate

A® Time rate of change of APE

AQa= APE advective working rate

Ta= 5,p APE transfer due to hor. grad. of p
Ta= p,, APE transfer due to ver. grad. of p
by Rate of inverse buoyancy conversion
1S a= Imperfect APE transfer due to %
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Figure Captions

Figure 1. Instability indicators BC = Tg?éhp + Tgﬁézp + 15%7! (IS 41 = 0 here) and

BT = Ty, + Ty

n %

as functions of x for the mid-depth (level 5) of the unstable Eady
mode (cf. Appendix A).

Figure 2. Horizontally averaged BC (a) and time rate of change of eddy energy E} (b) as
functions of vertical levels. The symbol (-)*¥ indicates averaging over a wavelength on the z-y

plane.

Figure 3. Topography of the Iceland-Faeroe Front region. Inserted in the middle is the
survey domain superimposed with a satellite image for the sea surface temperature on 22

August 1993.

Figure 4. A time series of the temperature (top, solid), and its large-scale window synthesis
(top, dashed) and eddy window synthesis (bottom) for point (11°W, 64°N), depth 300 m.
The decomposition is such that processes with periods shorter than and equal to 2.6 days
(characteristic of the meandering intrusion) are included in the eddy window. In the bottom
panel, signals with periods shorter than 0.75 day have been filtered out. The forecast starts
on August 14 (day 0), 1993.

Figure 5. BC evolution for the IFF region from August 17 through 22, 1993 at depth 300 m.

The units are in m?/s3.

Figure 6. A sketch of the background velocity a(y) (a), and vorticity gradient g, = —giy?} (b)
for the Kuo model. The five regimes resulting from this basic structure and the chosen phase

speed ¢, (see App. B) are indicated in (c).
Figure 7. A snapshot of of v’ (a) and v’ (b) for the barotropically unstable mode (kL = 2).

See App. B for explanation of parameters.

Figure 8. Meridional distribution of the z-averaged BT for the unstable Kuo mode. Notice
the two sharp negative valleys. They correspond to the two narrow regimes in Fig. 6¢. (b)
A close-up of (a) around y = —0.53L with six times model resolution. Symbol (-)* signifies

averaging over one wavelength in the zonal direction.
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Figure 9. Energy extracted by Reynolds stress against the basic flow profile <—Wg—g>x (in
m?/s?) for the unstable Kuo mode (averaged zonally over one wavelength). Notice the two

positive peaks around +50 km. (in contrast to the two sharp valleys of Fig. 8a).

Figure 10. Eddy energy growth rate (averaged zonally over one wavelength) <K,%>$ (in m? /s?)

for the unstable Kuo mode.

Figure 11. Horizontally averaged energies (AL)™ (a) and (K})™ (b) (in m?/s?), and energetic
terms (b )" (c), <A2Qp%>xy (d) (in m?/s3).

Figure 12. A cartoon of the energetic scenario for the Eady-like baroclinic instability. When
the instability happens, potential energy is transferred from the large-scale window toward
the eddy window, and the measure of this transfer, (BC)*” (The angle bracket represents an
averaging over the z-y plane.) is uniformly distributed in the vertical direction (middle row).
At the same time, the eddy APE is converted to the eddy KE. The conversion is maximized at
the middle depth, where the converted energy is brought upward and downward by the vertical
pressure work (<AZQP% >zy) The whole process results in two dumbbell-shape distributions

of eddy potential energy and kinetic energy with depth (see Fig. 11).

Figure 13. A cartoon of the MS-EVA processes that make the Kuo barotropic instability.

Hatched are the critical regimes where (a — ¢, )g, < 0.
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Figure 1: Instability indicators BC
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as functions of x for the mid-depth (level 5) of the unstable Eady mode (cf. Appendix A).
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Figure 2: Horizontally averaged BC (a) and time rate of change of eddy energy FE! (b) as functions
of vertical levels. The symbol (-)*? indicates averaging over a wavelength on the z-y plane.
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Topography, Iceland-Faroe Frontal Region, (raw)
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Figure 3: Topography of the Iceland-Faeroe Front region. Inserted in the middle is the survey domain
superimposed with a satellite image for the sea surface temperature on 22 August 1993.

(a) Temperature for point (11°W, 64°N), depth 300 m

[$)]

T and T (°%C)
w D

2 4 6 8 10 12 14 16 18 20
Forecast day

Figure 4: A time series of the temperature (top, solid), and its large-scale window synthesis (top,
dashed) and eddy window synthesis (bottom) for point (11°W, 64°N), depth 300 m. The decomposition
is such that processes with periods shorter than and equal to 2.6 days (characteristic of the meandering
intrusion) are included in the eddy window. In the bottom panel, signals with periods shorter than
0.75 day have been filtered out. The forecast starts on August 14 (day 0), 1993.
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Figure 5: BC evolution for the IFF region from August 17 through 22, 1993 at depth 300 m. The

units are in m?/s3.
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Figure 6: A sketch of the background velocity u(y) (a), and vorticity gradient g, = —giy? (b) for the

Kuo model. The five regimes resulting from this basic structure and the chosen phase speed ¢, (see
App. B) are indicated in (c).

Instantaneous maps for a B.T. unstable mode at t x UmaX/L = 8.64, (day 10)
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Figure 7: A snapshot of of u’ (a) and v’ (b) for the barotropically unstable mode (kL = 2). See
App. B for explanation of parameters.
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Figure 8: Meridional distribution of the z-averaged BT for the unstable Kuo mode. Notice the two
sharp negative valleys. They correspond to the two narrow regimes in Fig. 6¢c. (b) A close-up of
(a) around y = —0.53L with six times model resolution. Symbol ()" signifies averaging over one
wavelength in the zonal direction.
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Figure 9: Energy extracted by Reynolds stress against the basic flow profile <7u’v’g—z> (in m?/s?)

for the unstable Kuo mode (averaged zonally over one wavelength). Notice the two positive peaks
around £50 km (in contrast to the two sharp valleys of Fig. 8a).
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Figure 10: Eddy energy growth rate (averaged zonally over one wavelength) <K,11> (in m?/s?) for
the unstable Kuo mode.
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Figure 11: Horizontally averaged energies (AL)"” (a) and (K})*’ (b) (in m?/s?), and energetic terms
(0,)™ (), (A:Qp1)™ (d) (in m?/s?).
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Figure 12: A cartoon of the energetic scenario for the Eady-like baroclinic instability. When the
instability happens, potential energy is transferred from the large-scale window toward the eddy win-
dow, and the measure of this transfer, (BC)"¥ (The angle bracket represents an averaging over the
x-y plane.) is uniformly distributed in the vertical direction (middle row). At the same time, the
eddy APE is converted to the eddy KE. The conversion is maximized at the middle depth, where the
converted energy is brought upward and downward by the vertical pressure work (<A2Qp"1>zy). The
whole process results in two dumbbell-shape distributions of eddy potential energy and kinetic energy
with depth (see Fig. 11).
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Figure 13: A cartoon of the MS-EVA processes that make the Kuo barotropic instability. Hatched
are the critical regimes where (@ — ¢,)g, < 0.
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